Abstract. Let f : X → X be an edge-wrapping rule which presents a onedimensional generalized solenoid X, and let M be the adjacency matrix of f . When X is a wedge of circles and f leaves the unique branch point fixed, we show that the stationary dimension group of M is an invariant of homeomorphism of X even if X is not orientable.
Introduction
This paper is part of a study of certain one-dimensional spaces which can be associated to invariant sets in dynamical systems. In recent developments, ordered group invariants in C * -algebras and topological dynamics have been used to provide invariants of homeomorphisms of certain one-dimensional compact metrizable spaces ( [1] , [2] , [3] , [6] , [9] , [10] , [11] , [16] ). We can interpret these results as follows: the firstČech cohomology group of the space is given a preorder, and the isomorphism class of the resulting preordered group becomes an invariant of the homeomorphism class of the space.
An important type of ordered group arising in this setting is the dimension group (∆ M , ∆ The order structure gives rise to additional number-theoretic invariants ( [1] , [5] ). In the case that two nonnegative integer matrices M 1 and M 2 are primitive (the case relevant to this paper), there is a procedure to determine whether the dimension groups (∆ M1 , ∆ One class of topological spaces studied here is the class of one-dimensional generalized solenoids (1-solenoids) introduced by R. F. Williams. The 1-solenoids were employed to describe a theory of one-dimensional hyperbolic expanding attractors ( [13] , [14] ). A 1-solenoid is a space homeomorphic to the inverse limit space X obtained from a map f : X → X where X is a graph and f satisfies certain axioms ( [13] , [15] ). The map f has a transition matrix M X,f = M where M (i, j) is the number of times the i th edge of X is covered by the j th edge. The presentation (X, f ) is elementary if X is a wedge of circles. Every 1-solenoid has an elementary presentation ( [14] , [15] ). If (X, f ) is an elementary presentation of a 1-solenoid X and M = M X,f is the adjacency matrix of f : X → X, theň H 1 (X) is isomorphic to ∆ M ( [16] ). This invariant of the homeomorphism class of X was refined by Jacklitch ( [3] ), who showed that if (X, f ) and (Y, g) are elementary presentations of oriented 1-solenoids X and Y , then the dimension groups
) and (∆ MY,g , ∆ + MY,g ) are isomorphic. We can define a positive seť H 1 ⊕ for the winding order onȞ 1 for a large class of one-dimensional spaces, and explain the Jacklitch result as the computation of Ȟ 1 ,Ȟ 1 ⊕ for 1-solenoids ( [16] ). This can also be done by analyzing the direct limit order onȞ 1 , and we can recast the arguments of [3] and [9] in this framework.
In this paper, we extend the Jacklitch result to the nonorientable case with the following proof scheme. Given a nonorientable solenoid X, there is a canonical double covering p :X → X whereX is an orientable 1-solenoid ( [17] ). Then the quotient groupȞ 1 (X)/p * Ȟ 1 (X) is a homeomorphism invariant of X. When (X, f ) is an elementary presentation, the quotient group is isomorphic to ∆ M X,f , and when (X, f ) is an orientable elementary presentation, the quotient group with the canonical order structure is isomorphic to (
). The assumption of an elementary presentation is necessary and natural. If X is orientable and elementary presented, then ∆ M X,f is order isomorphic toȞ 1 (X); but this may fail if the presentation is not elementary ( [16] ). Likewise, if X is not orientable and (X, f ) is not an elementary presentation, then ∆ M X,f need not be isomorphic tǒ
One-dimensional generalized solenoids and ordered groups
We review the definitions of one-dimensional generalized solenoids of Williams and ordered groups which will be used in later sections. As general references for the notions of one-dimensional generalized solenoids and their ordered group invariants we refer to [13] , [14] , [15] .
One-dimensional generalized solenoids. Let X be a directed graph with vertex set V and edge set E, and f : X → X a continuous map. We state some axioms which might be satisfied by (X, f ). Let X be the inverse limit space
Suppose that Y is a topological space. We call Y a 1-dimensional generalized solenoid or 1-solenoid if there exists a directed graph X and a continuous map f : X → X such that (X, f ) satisfies all six axioms and X is homeomorphic to Y . And (X, f ) is called a presentation of Y . If we can choose the direction of each edge in X so that the connection map f : X → X is orientation preserving, then we call (X, f ) an oriented presentation, and Y an orientable solenoid. We call a point x ∈ X a non-branch point if x has an open neighborhood which is homeomorphic to an open interval, and branch point otherwise. An elementary presentation (X, f ) of a 1-solenoid is such that X is a wedge of circles and f leaves the unique branch point of X fixed.
Notation 2.2.
Suppose that (X, f ) is a presentation of a 1-solenoid, and that E = {e 1 , . . . , e n } is the edge set of the directed graph X. For each edge e i ∈ E, we can give e i the partition
the terminal point of I i,j is the initial point of . Let E * denote the path set of X. Then the wrapping rulef : E → E * associated with f is given by
, and the adjacency matrix M = M X,f of (E,f ) is given by
Definition 2.3 ([7, §2]).
A preordered group is a pair (G, G + ) where G is an abelian group and the positive cone G + is a submonoid of G which generates G. We write
For an oriented 1-solenoid X, we can define a positive coneȞ 1 ⊕ (X) for the winding order on the firstČech cohomology group so that (
Proposition 2.4 ([16]). Suppose that (X, f ) is an oriented presentation of a 1-solenoid X with the adjacency matrix
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Orientable double cover of 1-solenoids
Suppose that (X, f ) is a presentation of a 1-solenoid X. We will make a new directed graphX, a liftingf :X →X of f : X → X and a double covering map
, and the induced map p :X → X is a double covering map. We call (X,f ) (X, respectively) an orientable double cover of (X, f ) (X, respectively). The existence of this orientable double cover is known ( [8] , [17] ). But we need to specify a concrete version of (X,f ) for our computation. . We can divide the set {e i,j | b is a boundary point of e i,j } into two disjoint sets 
Then p is a 2-to-1 local homeomorphism. We callX a covering space of X and p :X → X a covering map. 
Then there exists a unique path Π
i,j : [0, 1] →X such that p • Π i,j = f • p • E i,j and Π i,j (0) = x 0 . Definef :X →X byf | Ei,j = Π i,j • E −1 i,j .
Proposition 3.3. The mapf :X →X is a well-defined orientation preserving continuous map such that
Proof. Since a nonbranch point is contained in a unique edge, if we show that
Supposef (e i ) = e s(1) (1) i (1) [0, 
, andf is well defined. Thatf :X →X is a continuous map and that p andf satisfy p (1) . Thereforẽ f is orientation preserving. 
then (X, f ) is a presentation of a nonorientable solenoid and the liftingf :X →X is given by Proof. If there exists an edge e ∈ E such that e and e −1 are factors off n (a) for some positive integer n and an edge a ∈ E, then by Theorem 1.2 of [14] for all e 1 , e 2 ∈ E, e 1 , e −1 1 ∈f n (e 2 ) for some positive integer n. So we need to show the existence of such edges e and a.
Assume that, for any two edges a and b, only one of b or b −1 is a factor off n (a) for every positive integer n ≥ n(a, b). Then the edge set E is divided into two disjoint sets P and N such that for any a 1 , a 2 ∈ P and b 1 , b 2 ∈ N , a 2 and b Proof.
(1) follows from Lemma 1.5 of [8] and the constructions of (X,f ) and p :X → X.
(2) The Expansion and Markov Axioms come from the construction of (X,f ). The Indecomposability and Nonwandering Axioms are derived from Lemma 3.5.
Since p is a local homeomorphism with p X \Ṽ = X \ V and f | X\V is a local homeomorphism,f |X \Ṽ is a local homeomorphism, andf satisfies the Nonfolding Axiom.
Suppose that b is a branch point ofX and that
is an interval and p is a local homeomorphism, f k (V ) is an interval. Sof satisfies the Flattening Axiom. Therefore (X,f ) is an orientable presentation of a 1-solenoid. 
Sketch of Proof.
We consider an arc component of a 1-solenoid as a locally oneto-one map from R to so that each point x ∈ is represented as (t) and that { 1 (t), 2 (−t)} in its orientable cover is a fiber of (t).
Let be an arc component of X and let 1 and 2 be liftings of inX such that 1 has the same direction as , and 2 has the opposite direction. Suppose h( ) = . Then is an arc component of Y , and we give the direction to so that h| is orientation preserving. Let 1 and 2 be liftings of inỸ such that 1 has the same direction as , and 2 has the opposite direction. Defineh :X →Ỹ by i (t) → i (t). Thenh is a well-defined homeomorphism satisfying p Y •h = h • p X .
Invariants for orientable double covers.
Suppose that X is a 1-solenoid with a presentation (X, f ). Let X k = X be the kth coordinate space of X, and E k the set of directed edges in X k . Let C(E k , Z) denote the set of integer-valued functions on E k . If e is an edge in E k+1 and f : X k+1 → X k is the connection map, then f (e) is a path e Remark 3.8. By Proposition 2.1, a 1-solenoid X is homeomorphic to an elementary presented 1-solenoid. So without loss of generality we can assume that X is elementary presented.
Suppose that (X, f ) is an elementary presentation of a nonorientable 1-solenoid with the edge set E and that (X,f ) is its orientable double cover with the edge setẼ and the covering map p :X → X. Let M be the n × n adjacency matrix of E,f , andM the 2n × 2n adjacency matrix of Ẽ ,f .
